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We present the results of a full calculation of the QCD O(n:) radiative corrections to the 

total cross section for the production of a heavy quark pair. We find large contributions for 

parton subenergies near threshold and well above threshold. The implications for the production 

of top and bottom quarks at collider energies are discussed. 

1. Introduction 

The production of heavy quarks in hadronic collisions is a subject of great 

experimental and theoretical interest. The discovery of unknown heavy objects 

remains one of the main motivations for collider physics, and heavy quark produc- 

tion provides an example of such a process. The comparison of calculated heavy 

quark cross sections with experimental results tests the mechanism by which heavy 

objects are produced. Reliable predictions for heavy quark production rates are 

necessary in the search for the top quark and in the study of the properties of 

bottom and charmed quarks. In addition, heavy quarks are copious sources of 

leptons. Precise knowledge of the heavy quark production rates will permit the 

subtraction of leptons from heavy quark decays, perhaps revealing signals for new 

physics. For a sufficiently heavy quark, the cross section is calculable as a perturba- 

tion series in the QCD running coupling constant czs, evaluated at the mass of the 

heavy quark. Thus, the hadroproduction of heavy quarks can also be used as a 

testing ground for the underlying strong interaction dynamics. 

The standard perturbative QCD formula for the inclusive production of a heavy 

quark Q of momentum p and energy E, 

&&‘I) + Hdf’,) - Q(P) + X 
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determines the invariant cross section as follows, 

The functions E;; are the number densities of light partons (gluons, light quarks and 

antiquarks) evaluated at a scale p. The symbol a^ denotes the short-distance cross 

section from which the mass singularities have been factored. Since the sensitivity to 

momentum scales below the heavy quark mass has been removed, a^ is calculable as 

a perturbation series in as(p2). The scale p is a priori only determined to be of the 

order of the mass m of the produced heavy quark. The corrections to eq. (2) are 

suppressed by powers of the heavy quark mass. 

The first terms in the perturbation series which contribute are O(CI~). At this 

order there are contributions to a^ due to gluon-gluon fusion and quark-antiquark 

annihilation, 

s+S-Q+-Q 

g+g+Q+Tj. (3) 

The diagrams contributing to the lowest order cross section are shown in figs. 1,2. 

The invariant matrix-elements squared and the cross sections for these processes 

have been available in the literature for some time [l-4]. Predictions for the 

hadronic cross sections are obtained by inserting these parton cross sections into eq. 

(2). The theoretical justification for the use of eq. (2) in heavy quark production has 

been discussed in refs. [5-71. 

The phenomenological consequences of the lowest order formulae can be sum- 

marised as follows. The average transverse momentum of the heavy quark or 

Fig. 1. Lowest order Feynman diagram for heavy quark production q + Cj + Q + q 

Fig. 2. Lowest order Feynman diagrams for heavy quark production g + g -+ Q + a. 
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antiquark is of the order of its mass and the pT distribution falls rapidly to zero as 
pT becomes larger than the heavy quark mass. The rapidity difference between the 
produced quark and antiquark is predicted to be of order one. 

There is a widespread belief that charm production cannot be fully described by 
lowest order perturbative QCD. Because of the small value of the charmed quark 
mass, it may be that effects which are nominally suppressed by powers of the 
charmed quark mass are important for charm production. There is some experimen- 
tal evidence to support this point of view [8-lo]. On the other hand, within the 
limited statistics available [ll, 121, bottom production seems to be qualitatively in 
agreement with theoretical predictions [13]. 

There are arguments [14,15] which suggest that higher order corrections to heavy 
quark production could be large. These are mostly due to the observation that the 
fragmentation process, 

g+g-g+g 

LQ+,, (4) 

although formally of order cy& can be numerically as important as the lowest order 
O(ai) cross section. This happens because the lowest order cross section for the 
process gg + qq is about a hundred times smaller than the cross section for gg + gg. 
A gluon jet will fragment into a pair of heavy quarks only a fraction, as(m2)/27r, 
of the time. Because of the large cross section for the production of gluons, the 
gluon fragmentation production process is still competitive with the production 
mechanisms of eq. (3). The description of heavy quark production by the mecha- 
nism in eq. (4) alone is appropriate only when the produced heavy quark is 
embedded in a high energy jet [16]. 

The matrix-elements squared for the production of a heavy quark pair plus a light 
parton have all been calculated [14,17,18]. By themselves, they have physical 
significance only when the jet associated with the light parton has a large transverse 
momentum. When the produced light parton has small transverse momentum the 
matrix elements contain collinear and soft divergences, which cancel only when the 
virtual corrections to the diagrams of figs. 1 and 2 are included, and the factorisa- 
tion procedure is carried out. 

A partial 0( ai) calculation involving the quark gluon fusion process which is free 
from soft gluon singularities, but contains collinear singularities, has been presented 
in ref. [19]. This calculation provides a concrete example of the factorisation scheme 
and indicates the absence of large forward production of heavy quarks at ISR 
energies. However, this calculation is valid only in the forward direction at energies 
where the stiffness of the valence quark distribution causes the quark gluon process 
to dominate over the competing processes. In the central region one cannot use any 
partial calculation of higher order effects; both real and virtual diagrams contribute. 
They separately contain divergences which cancel in a complete calculation. 
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We have performed a full calculation of the inclusive cross section for heavy 

quark production to order CX;. We calculated the short-distance cross sections a^ for 

the inclusive production of a heavy quark of transverse momentum or and rapidity 

y. This requires the calculation of the cross sections for the following parton 

inclusive processes, 

g+g+Q+X, s+zi+Q+x, s+s-Q+x, s+zi+Q+x, 

g+g+G+K q+q*Q+x, g+q+Q+x, g+q+Q+x. (5) 

The inclusive cross sections for the production of an antiquark Q differ from those 

for the production of a quark Q at a given y and pT. This effect, which first arises 

in O((Y~), is small [20]. Using eq. (2) we calculate the distributions in rapidity and 

transverse momentum of produced heavy quarks correct through 0( ai). The details 

of the above calculation will be presented elsewhere [21]. At this point we list the 

parton subprocesses which contribute to the inclusive cross sections 

s+VQ+Q, 

g+g*Q+q, 

s+G*Q+Q+g, 

g+g+Q+o+g, 

g+q+Q+Q+q, 

g+S-Q+Q+iI, 

Note the necessity of including both real and virtual gluon emission diagrams in 

order to calculate the full O(CX~) cross section. 

In this paper we concentrate on the calculation of the total cross section for the 

inclusive production of a heavy quark pair. Integrating eq. (2) over the momentum 

p we obtain the total cross section for the production of a heavy quark pair, 

a(S) = x/dx,d x~zij(x~x~s, m2, I1.*)FiA(X1, P)qB(X2, II>, (7) 
i, J. 

where S is the square of the centre of mass energy of the colliding hadrons A and B. 

The total short-distance cross section a^, for the inclusive production of a heavy 

quark from partons i, j can be written as, 
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with p = 4m2/s, s the square of the partonic centre of mass energy, and 1-1 is the 

renormalisation and factorisation scale. We present a complete description of 

the functions f,, including the first non-leading correction. These may be used by 

the reader to calculate heavy quark production at any energy and heavy quark mass. 

The remainder of this paper is organised as follows: in sect. 2 we give all the 

relevant formulae and fits for the functions f,,. In sect. 3 we present the application 

of our formulae to the production of heavy quarks in pp collisions at centre of mass 

energies of 0.63 and 1.8 TeV. In sect. 4 we discuss our results, with particular 

emphasis on the following problems; the uncertainties in the knowledge of the gluon 

structure function and the significance of the large size of the corrections. 

2. The total parton cross section 

In this section we present our results which describe the total parton cross section 

for the production of a heavy quark pair. Eq. (8) completely describes the short- 

distance cross section for the production of a heavy quark of mass m in terms of the 

functions hi, where the indices i and j specify the types of the annihilating partons. 

The dimensionless functions f,, have the following perturbative expansion, 

In order to calculate the hj in perturbation theory we must perform both renormal- 

isation and factorisation of mass singularities. The subtractions required for renor- 

malisation and factorisation are done at mass scale p. The dependence on p is 

shown explicitly in eq. (9). The energy dependence of the cross section is given in 

terms of the ratio p, 

4m2 
p=- 

s ' 
p=c. (10) 

The running of the coupling constant (us is determined by the renormalisation 

group, 

das(p2) = -bo+bla~+O(a;), 
dlnp* 

6, = 
33 - 2n,, 153 - 19n,, 

1277 ’ 
b, = 

24~’ 01) 

where n,, is the number of light flavours. 

The quantities f @) depend on the scheme used for renormalisation and factorisa- 

tion. Therefore, we must first specify the choices made in the definition of f(l). Our 

results are obtained in an extension of the MS renormalisation and factorisation 
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scheme [22]. At one-loop order, our renormalisation scheme is completely specified 
as follows. Graphs containing a light parton loop are renormalised using the normal - 
MS subtraction scheme. The following renormalisation conditions are chosen for 
I?*)( p, m), the two-point function of the heavy quark field, 

(12) 

(13) 

Eq. (12) implies that the mass m corresponds to a pole in the renormalised 
propagator. Eq. (13) fixes the wave function renormalisation for the heavy quark 
field. Eqs. (12), (13) are sufficient to show that the anomalous dimensions associated 
with the mass renormalisation and the renormalisation of the heavy quark field are 
equal to zero. The renormalisation constant for the gluon-Q-Q vertex is then fixed 
by the Taylor-Slavnov identity. This completely specifies the treatment of primi- 
tively divergent graphs with heavy quarks on external lines. Lastly, graphs contain- 
ing internal loops of heavy quarks are subtracted at zero momentum. In this scheme 
heavy quarks are decoupled at low energy [23]. The light partons continue to obey 
the same renormalisation group equation as they would have done in the absence of 
the heavy quarks. Thus, our results should be used in conjunction with the running 
coupling as defined in eq. (11) and together with light parton densities evolved 
using the two loop MS evolution equations [24]. 

We now present a complete description of the functions f(O), f(l) and f(l) for all 
the contributing parton subprocesses. Thus, all the information on the total heavy 
quark cross section, calculated through order (Y:, is available to the reader. When 
combined with suitably evolved structure functions for the light quarks and gluons, 
our results can be used to calculate heavy quark production cross sections at any 
energy and heavy quark mass. 

The functions f$) defined in eqs. (8) (9) are, 

(14) 

$(p2+ 16p+ 16)m (s) -2g-,,,I, (15) 

06) 

We now turn to the higher order corrections in eq. (9) which are separated into 
two terms. The f(‘)(p) terms are the coefficients of ln( p2/m2) and are determined 
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by renormalisation group arguments from the lowest order cross sections, 

613 

Using the explicit forms [24] for the lowest order Altarelli-Parisi kernels Pij and 

eqs. (14), (15), we find the following analytic results for the f,y)(p) functions, 

2p (59~~ + 198~ - 288)ln 

+12p(p2+16p+16)h2@-6p(p2-16p+32)h,(@ 

- &p(7449p2 - 3328~ + 724) , (19) 

$p(14p2 + 27~ - 136)ln - ‘j’P(2 - p)h,(P) 

- &/3(1319p2 - 3468~ + 724) 

where the auxiliary functions h, and h, are given by 

]> P-0 

h,(p) = ln2 (y) -ln2(y) +2Li,( T) -*Li2( y), 

h,(P) = Li2 (+$)-Li,i+ 

Liz(x) = - JcXFln(l -z), (21) 

The quantities j”(r) III eq. (9) can only be obtained by performing a complete 

O(ai) calculation. We do not have exact analytical results for the quantities f(i). 

Instead we provide a physically motivated fit to the numerically integrated result. 

Near the endpoints we impose the correct asymptotic behaviour. Elsewhere our fit 
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agrees with the numerically integrated result to better than 1%. 

~filn’(Sj3’) - %jfiln(8/3*) - G 1 
+fip[u,+ /3’( ulln(8P2) + a,) + P”( a31*(W2) + ~4) 

+a,P61n(8P2) + a,ln p + u,ln2p] 

(22) 

f(l)= 
z% & [I20 ln2(8fi2) - YP 1n(8fi2) + %v”] 

+p [ a, + fl’( u,ln(8P2) + u2) + u,/341n(8j32) + p”( u,ln p + u,ln2p) 

+p(“61nfJ+u71n2p)] +(nlf-4)10~~g -[l*(s) -V], (23) 

+p(u61np+u,ln2p)]. (24) 

The coefficients in the fit are given in table 1. 
The functions f co), f 0) and f(l) are shown plotted in figs. 3,4 and 5 for the cases 

of quark-antiquark, gluon-gluon and gluon-quark fusion, respectively. Notice the 
strikingly different behaviour of the gluon-gluon and gluon-quark higher order 

TABLE 1 
Coefficients in the fits for j$). 

f;:’ f (1) f 0) 
gg @l 

a0 0.180899 0.108068 0.0110549 
a1 0.101949 - 0.114997 - 0.426773 
a2 - 0.234371 0.0428630 - 0.00103876 
03 - 0.0109950 0.131429 0.450626 
a4 - 0.0185575 0.0438768 - 0.227229 
a5 0.00907527 - 0.0760996 0.0472502 
a6 0.0160367 -0.165878 - 0.197611 
a7 0.00786727 -0.158246 - 0.0529130 
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Fig. 3. The quark-antiquark contributions to the parton cross section plotted versus l/p. The functions 
f(‘), f”) and j(” are defined in eq. (9). A solid line, f(p) = 0, is shown for comparison. 

terms in the high energy limit, p + 0. These latter processes allow the exchange of a 

spin-one gluon in the t-channel and are therefore dominant in the high-energy limit. 

These cross sections tend to a constant at high energy. The lowest order terms 

involve fermion t-channel exchange and therefore fall off at large S, as can be seen 

from figs. 3 and 4. We find that, 

f$) + :k + 0( p ln2p), (25) 

where k = 0.018. At high energy the pair production of heavy quarks shares many 

features with the pair production of an electron-positron pair in the field of a 

nucleus [25]. The dominant diagrams are shown in fig. 6. The asymptotic values of 

f(l) and fgi) are proportional to the colour charge of the line which provides the 

e&hanged gluon, since in this limit the upper blob in fig. 6 is the same for both 

diagrams and the lower vertex can be approximated by the eikonal form. In the 

gluon-gluon subprocess the exchanged spin-one gluon can come from either incom- 

ing gluon, whereas in the gluon-quark subprocess it can only come from the 
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Fig. 4. The gluon-gluon contributions to the parton cross section plotted versus l/p. The functions j(‘), 

f(l) and j(l) are defined in eq. (9). A solid line, f(p) = 0, is shown for comparison. 

incoming quark line. This, together with the ratio of the gluon and quark charges, 

explains the relative factor of 9/2, shown in eq. (25) and evident in figs. 4 and 5. At 

high energy the functions $1 and fsq ‘(‘) also tend to a constant. Again the ratio is 

9/2, as can be seen from eqs. (19), (20). 

A preliminary idea of the size of the corrections can be obtained from figs. 3, 4 

and 5 even before folding with the parton distribution functions. Taking a typical 

value for g2 = 2, we see that the radiative corrections are large, particularly in the 

vicinity of the threshold. The significance of the constant cross section region 

(gg,gq) at high energy will depend on the rate of fall-off of the structure functions 

with which the partonic cross section must be convoluted. 

Near threshold (p + 0) we have, 

I 
, 

fg(gl) --) Ngg T + P(121n2(8P2) - yln(8p’)) + O(p) : 1 
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t Gluon Quark 

Fig. 5. The gluon-quark contributions to the parton cross section plotted versus l/p. The functions 
j-c’.?, f(l) and j(l) are defined in eq. (9). A solid line, f(p) = 0, is shown for comparison. 

Fig. 6. The diagrams responsible for the constant behaviour of the cross section. 

The normalisation _Jj of the expressions in eq. (26) is determined as follows, 

~,_ 1 hyw 7 

” 8YT2 p P=n’ 
A$=--_ 

1536~ ’ 
(27) 

Notice that in this order in perturbation theory the cross section is finite at 

threshold. This is due to the l/p singularity which is responsible for the binding in 

a coulomb system. The coulomb attraction tends to increase the cross section when 

the incoming partons are in a singlet state (gg), and decrease the cross section when 
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Fig. 7. Bremsstrahlung of au initial state gluon 

the incoming partons are in an octet state (gg, qq). This results in a net positive term 
for the gg case. 

In view of the numerical significance of the region near threshold we now 
examine it in more detail. The terms in eq. (26) which are finite at threshold have 
already been explained. The ln2(p2) terms in eq. (26) have a general origin. 
Consider the process depicted in fig. 7. The gluon Bremsstrahlung leads to a term of 
the form, 

where a,, results from the upper blob in fig. 7. The integral in eq. (28) is divergent at 
t = 1. After inclusion of virtual diagrams the singularity is regulated as in eq. (39). 
In the case of Bremsstrahlung from an incoming quark line, C, = 3 is replaced by 
C, = 4/3. The origin of the 21n(l - z) term is kinematic. In the appropriate axial 
gauge the amplitude squared for the process in fig. 7 is 

where x = (p - 1). q/p. q, q2 =p2 = 0, s = 2~. q. The 1% integral, which contains 
the collinear divergence, has an effective upper bound, 

r+ ;(1-z)2, 
SO 

z=- 

s ’ 

which is derived from the condition that the argument of the delta function vanishes 
for some value of x. Performing the collinear integral and retaining only the most 
singular terms in 1 - z, we obtain 

&S(so - (4 +P - 1)2)1,++oW -4’ 

+ $2C,jdzo,(zs) 
21n(l -z) 

l-z . (31) 
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In deep inelastic scattering one has a similar contribution of the form, 

619 

F(x,,, Q’) = $2&jdzF( T, Q*) ‘“i’s) . (32) 

Note the factor of two difference between eqs. (31), (32). This is due to the different 

kinematics for Deep Inelastic Scattering, (DIS). In DIS the upper bound on the l$ 

integration is 

(33) 

This mismatch is one of the sources of the large radiative corrections to Drell-Yan 

pair production, as already pointed out in ref. [26]. 

Up to now all results have been presented in the modified MS subtraction scheme 

described above. We now consider a more physical factorisation scheme which can 

be defined for the quark and antiquark distribution functions [26]. In this scheme 

the quark distributions are defined directly in terms of the DIS structure function 

F2. The O(as) corrections are completely absorbed into the definitions of the 

distribution functions. The “physical” f$‘) and fi$) are defined as follows, 

f,b’p’b) =f,$%) =f,b”(d - ~~z,f~jo)c,(z,), (35) 

where c,(z) and es(z) are given by [26] 

cJz)=&$ (1+z2) { [ ln/l:zz)]+- &J-]+-(1+12,E 

+3+2z-(;+$(l-z)j, (36) 

and the plus distributions are given by 

(37) 

(38) 

(39) 

/ddzf(z)[~]+=/ddzf(;ll~)(l), 
ln(l - z) 

1 J 

ln(1 - z) 

l-z + 
= ,‘dz(f(r)-f(l)) tl_zj . 
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Performing the integrations in eqs. (34), (35) we obtain the analytic results, 

+::[$3-2(4+ln(-$))ln[s)-Zh,(B)]j, (40) 

+P(!+-!)ln -& 
i i 

1+P 
-(l+$p2)ln 1-p 

i 1 +p(*p-9) 
i 

. (41) 

The function h,(P) is as given in eq. (21). 
Because of the importance of gluons in the hadroproduction of heavy quarks it 

would be desirable to have a physical definition of the gluon distribution function 
beyond the leading order. This is not provided by DIS because the gluons only enter 
as a higher order correction in that process. In principle, such a definition is 
provided by any process in which the gluons enter at the leading order, for which 
the relevant higher order corrections have been calculated and for which sufficiently 
accurate data are available. For example, direct photon production could be used to 
define the gluon distribution [27]. 

3. Phenomenological applications 

In this section we examine the effect of the radiative corrections on the produc- 
tion of heavy quarks at the energies of current pp colliders. The total cross section is 
obtained by integrating the product of the short-distance cross sections and the 
parton fluxes. We use the EHLQ [28] structure functions set 1, which have 
A Lo = 0.2 GeV. Using the one-loop expression for (Ye, this gives as(p = 20 GeV) = 
0.158. The EHLQ structure functions include only the lowest order contributions. 
To be consistent, when calculating a next to leading order correction, one should use 
structure functions evolved according to the next to leading order evolution equa- 
tions. However, next to leading order evolution usually gives small corrections and 
we will ignore it in most of what follows. In order to determine the sensitivity of our 
predictions to the choice of the structure functions, we also present results with the 
DFLM structure functions of ref. [29], which include next to leading order evolu- 
tion. 

To assess the significance of the radiative corrections and the relative importance 
of the various kinematic regions we must know the flux of incoming partons. We 
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Fig. 8. The parton flux @(T, p) versus 7, for p = 5 GeV. The thresholds for production of a 

quark at centre of mass energies of 0.63 and 1.8 TeV are shown. 0 is defined in eq. (42). 

define the parton flux function CD, 

In terms of these parton fluxes the hadronic cross section is given by 

bottom 

(42) 

(43) 

The function CD is shown in figs. 8 and 9 for two different choices of pL, the scale at 

which the parton distributions are evaluated. In fig. 8 we also show the thresholds 

for the production of a bottom quark with a mass of 5 GeV at centre of mass 

energies of 0.63 and 1.8 TeV and in fig. 9 we show the thresholds for the production 

of a heavy quark with a mass of 40 GeV at the same centre of mass energies. Note 

that bottom quark production at collider energies is predominantly due to gluons 

with quite small values of x. In these small x regions the form of the gluon 

distribution functions is unmeasured. In fact theoretical arguments [30] suggest that 

the gluon distribution behaves at low x at l/x’+” with S = 0.5, rather than the l/x 

behaviour assumed in the EHLQ parametrisation. Thus any conclusions which 
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pfi, EHLQ, set 1 A=O.Z GeV, /.~=40 CeV 

Fig. 9. The parton flux @(r, p) versus r, for p = 40 GeV. The thresholds for production of a top quark 

with mass 40 GeV at centre of mass energies of 0.63 and 1.8 TeV are shown. CJ is defined in eq. (42). 

14 I1111lK1, ( 1111111 I ,I,\,11 1 LII ,,I, 1 ,I,!,,\ 

13 - 

12 - pp, EHLQ, set 1 A=O.Z GeV 

11 r m=p=5 GeV, JS=O.63 TeV 

I- 

3c 

Fig. 10. The product of short-distance cross sections and parton fluxes showing the relative importance 
of the various contributions for bottom quark production at fi = 0.63 TeV. The upper (lower) solid line 

is the lowest order contribution from the gg (qq) initial state. The upper dotted line is the O(oli) 

contribution from gg, the dotted line which falls below zero for small r is the (q + q)g initial state, and 

the remaining dotted line is the contribution from qq. 



P. Nason et al. / Heavy quarks 623 

I I I III,, I I r I,,,, 

pp. EHLQ, set 1 A=02 GeV 

m=p=40 GeV, &=0.63 TeV 

O( az,) - 

Fig. 11. The product of short-distance cross sections and parton fluxes showing the relative importance 

of the various contributions for the production of a quark of mass M = 40 GeV at 6 = 0.63 TeV. The 2 

solid lines are the 0( oi) contributions from gg and qq initial states. The upper dotted line is the 0( a?$) 

contribution from gg. The dotted line which has a positive (negative) slope at the threshold value of r is 

the qq((q + q)g) contribution. 

depend on the behaviour of the gluon distribution for x < lop2 should be consid- 

ered suspect. 

In figs. lo-13 we show the product of the parton fluxes with the total partonic 

cross sections for centre of mass energies of 0.63 and 1.8 TeV and for top and 

bottom production. We have arbitrarily set the top quark mass equal to 40 GeV. 

The renormalisation scale, 1-1, is chosen to be equal to the heavy quark mass, m. In 

figs. lo-13 the function f (‘1 has been multiplied by g2(p2) so that it is included 

with the correct weight (see eq. (9)). The vertical scales are in arbitrary units of 

c$(p2)/m2; the horizontal scales are logarithmic, so that the areas in the figures are 

proportional to the size of a given contribution to the total cross section (see eq. 

(43)). 
Fig. 10 shows the rate for bottom production at the Sp&S collider. The dominant 

contribution is clearly the gluon-gluon subprocess. The contributions from qq and 

(q + q)g initial states are small. From fig. 10, we see that there are large O((Y~) 

positive corrections to the gluon-gluon subprocess, both from the threshold region 

and from the region of high s, where the radiative corrections dominate over the 

lowest order contribution, for the reasons discussed in sect. 2. The contributions to 

top production at the Spj5S are shown in fig. 11. For a top quark of 40 GeV, the 
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pfi, EHLQ, set 1 A=O.2 GeV 

m=/1=5 GeV, &=l.S TeV 

O( &I 

Fig. 12. The product of short-distance cross sections and parton fluxes showing the relative importance 

of the various contributions for bottom quark production at fi = 1.8 TeV. The upper (lower) solid line is 

the lowest order contribution from the gg (qq) initial state. The upper dotted line is the O(c&) 

contribution from gg interactions, the dotted line which falls below zero for small 7 is the (q + q)g initial 

state, and the remaining dotted line is the qq contribution. 

lowest order contributions coming from the gluon-gluon and the quark-antiquark 
sectors are roughly equal; for a heavier top quark, the qq annihilation mechanism 
becomes dominant. The O(ai) corrections to top production are larger for gg 
scattering than for qq scattering. The (q + q)g initial state contributes little to the 
total top quark cross section. 

The various terms in bottom and top production at Tevatron energies are shown 
in figs. 12 and 13, respectively. We see that the 0( ai) corrections to the gluon-gluon 
fusion process are large both at threshold and in the region of high s for bottom 
production. The high s region is more important than it was at SpijS collider 
energies. From fig. 13 we see that for m, = 40 GeV, top production is still 
dominated by the gg subprocess, with large positive corrections near threshold. 

In figs. 14 and 15, we show the ratio of the total hadronic cross section calculated 
to O(ai) divided by the cross section predicted by lowest order QCD evaluated at 
the scale p = m. We have included the corrections specified by eqs. (34) (35). The 
gluons are treated in the &8S factorisation scheme. The numerator of this ratio is 
calculated at three different values of the subtraction scale; p = m/2, m, and 2m. 
(Note that the scale at which the lowest order prediction is evaluated is kept fixed at 
p = m.) The corrections tend to decrease as the mass of the heavy quark increases; 
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Fig. 13. The product of short-distance cross sections and parton fluxes showing the relative importance 

of the various contributions for the production of a quark of mass m = 40 GeV at fi = 1.8 TeV. The 

upper (lower) solid line is the lowest order contribution from the gg (qq) initial state. The upper dotted 

line is the O(ai) contribution from gg interactions, the dotted line which falls below zero for small r is 

the (q + q)g initial state, and the remaining dotted line is the qq contribution. 

this is because the quark-antiquark annihilation subprocess, which receives smaller 

corrections, becomes dominant at high values of the mass. The sensitivity of the 

O(az) total cross section to a change in the subtraction scale is moderate. For a top 

mass of 40 GeV and a centre of mass energy of 0.63 TeV, the ratio of the radiatively 

corrected cross section to the lowest order prediction changes by about 30% as p is 

varied from m/2 to 2m. 

The ratio of the lowest order QCD prediction evaluated at p = firn to the lowest 

order result with t.~ = m is shown by the dotted lines in figs. 14 and 15. The value 

p = firn was chosen to facilitate comparison with curves plotted with a choice of 

p=rn.= pT+ /r, since, on the average, p% - m2. The dotted curves are near one 

at values of the mass near 5 GeV. In general, the p-dependence of the lowest order 

result can be understood as follows. As p increases, the gluon structure function 

decreases at large x, but increases at small x. The coupling constant, on the other 

hand, increases as TV decreases. These two effects tend to compensate at the values of 

x corresponding to bottom production at collider energies. Therefore, at these 

energies the sensitivity of the lowest order result for bottom production to changes 

in the scale p is deceptively small. 
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Fig. 14. The ratio of the 0( cc:) heavy quark cross section evaluated at various subtraction scales p to the 

O(CY~) cross section as a function of the heavy quark mass WI at v’?? = 0.63 TeV. The lowest order 

prediction is evaluated at a fixed value of k = m. The parton distributions of EHLQ are used. 
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Fig. 15. The ratio of the 0( ei) heavy quark cross section to the 0( af ) cross section as a function of the 

heavy quark mass M at fi = 1.8 TeV. The parton distributions of EHLQ are used. 
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Fig. 16. The ratio of the O(ai) heavy quark cross section to the O((Y~) cross section as a function of the 

heavy quark mass WI at fi = 0.63 TeV. The parton distributions of DFLM are used. 

In figs. 16 and 17 we show plots similar to figs. 14 and 15, obtained using 

structure functions of ref. [29] which include the next to leading log evolution. These 

parton distributions require A%s= 0.3 GeV. In figs. 16 and 17 we have used the 

two-loop expression for the running coupling constant, normalised by the inclusion 

of a non-leading term so that aS(p = 20 GeV) = 0.158. Note that figs. 16 and 17 are 

still normalized to the lowest order EHLQ set 1 result with p = m. At high values of 

the mass the curves lie lower than the curves in figs. 14 and 15. Relative to the 

DFLM lowest order result (not shown) the radiative corrections are large and 

positive. The DFLM structure functions predict that the gluon content of the 

proton falls faster at large values of x than it does for the EHLQ structure 

functions. Thus, the quark-antiquark annihilation mechanism becomes dominant at 

lower values of the quark mass. Comparing figs. 14 and 15 with figs. 16 and 17, we 

see that at large values of the quark mass there are significant uncertainties due to 

the ignorance of the gluon structure function. 

The results presented so far have all been for the total cross section. However, at 

collider energies it is experimentally much easier to detect bottom quarks which lie 

above a certain pT. We therefore present in figs. 18-20 the results for the 

short-distance cross sections when the cut pT > 2m is made. It is clear from figs. 19 

and 20 that the significance of the region of constant cross section is greatly 

enhanced by performing this cut. With this pT cut, the O((Y~) contributions to the 

bottom cross sections are considerably larger than the lowest order predictions. 
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Fig. 17. The ratio of the O(ai) heavy quark cross section to the O((Y~) cross section as a function of the 
heavy quark mass m at fi = 1.8 TeV. The parton distributions of DFLM are used. 
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Fig. 18. The quark-antiquark contributions to the parton cross section plotted versus l/p, with the p-r 
cut, pT> 2m. 
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Fig. 19. The gluon-gluon contributions to the parton cross section plotted versus l/p, with the pT cut, 
pT B 2m. 
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Fig. 20. The gluon-quark contributions to the parton cross section plotted versus l/p, with the pT cut, 
PT. > 2m. 
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Furthermore, as the subtraction scale p is varied from 2m to m/2, the bottom cross 

section with this pT cut changes by about a factor of two. 

Experimental considerations make it extremely attractive to know the ratio of the 

production rate of bottom quarks above a certain pT and the production rate of a 

top quark of a given mass. Many systematic errors will cancel from such a ratio. The 

theoretical problems with such a prediction should be apparent from the above 

discussion. The mechanisms for bottom production with a pT cut and top produc- 

tion are quite different. Because bottom quark production with this cut is largely an 

O(CX~) process due to the high s region, it is very sensitive to the choice of scale. We 

therefore conclude that this ratio is subject to a large theoretical error. 

4. Conclusions 

Our calculation of O(C_Y~) effects has clarified the role of higher order corrections 

in the hadroproduction of heavy flavours. We have found significant corrections 

near to the threshold of the parton subprocess. In addition in the case of processes 

which allow gluon exchange in the t-channel there is a large correction in the region 

well above the partonic threshold. 

The large correction coming from the high s region in the gg and gq subprocesses 

is due to the onset of a new phenomenon at O(oli), namely the exchange of vector 

gluons in the t-channel. The consequent constant behaviour of the short-distance 

cross section may also lead to a different rapidity distribution for the produced pair 

of heavy quarks. Let us assume that the number density of gluons is given by 

and denote by u(O) the part of the cross section which dies at large s and by u(l) the 

part of the cross section which persists at high s, first present in O(CY~). With the 

assumption of eq. (44) it follows that the rapidity distribution of a pair of heavy 

quarks, due to the lowest order, is uniform in rapidity, 

da(O) 
- - constant, 

dy 
(45) 

whereas e(l) leads to a rapidity distribution growing with y, 

da(‘) 
-_ 

dy ‘- 
(46) 



P. Nason et al. / Heavy quarks 631 

Consequently, the lowest order and corrected formulae for the total hadronic cross 

sections are of the form 

4 (J(o)- -y 
m2 ’ 

a3 Y2 
ow_ s_ S 

m2 2 ’ 
Y-ln - ( 1 4m2 . (47) 

When cy,Y is of order one, the perturbation series in the running coupling alone will 

break down and one must sum all powers of (a,Y)“. There are techniques [31] to 

sum all terms of the form (L~~Y)~. After resummation these terms give rise to 

hadronic cross sections which grow approximately like Ss where 6 - 0.5. An 

explanation of this behaviour can be found in ref. [32] where a similar problem 

involving minijets is treated. 

At present energies the form of the structure functions in the relevant regions 

differs substantially from eq. (44). The decrease of the structure function as x grows 

tends to reduce the importance of the above effects. We find them of minor 

importance for bottom production at the Spl5S collider. At very high energies these 

effects must appear. However, uncertainties about the form of the gluon distribution 

function cloud the issue for both the Tevatron and the LHC/SSC. Because of the 

large value of the coupling, these effects may appear in charm production at 

relatively low energy. The uncertainties alluded to above make a more precise 

statement difficult. 

Reliable predictions of heavy flavour production at collider energies are plagued 

by the uncertainty in the gluon distribution function. This is a problem, both at the 

theoretical level and at a practical level. Theoretically, it is uncertain how much of 

the positive correction near threshold should be considered physical. Our result is 

the correct one in the MS factorisation scheme. But because of the kinematic nature 

of some of the large terms near threshold, explained in sect. 2, it is possible that a 

considerable part of the correction is common to all processes with initial state 

gluons and should be absorbed into the structure function. At a practical level, the 

form of the gluon structure function to be used for bottom production at the highest 

collider energies is unknown. These questions can be answered definitively when 

reliable structure functions are forthcoming from experiments in which incoming 

gluons contribute in an essential way. 

At present collider energies the production of very heavy quarks, m > 40 GeV is 

less subject to the above uncertainties, since a greater fraction of the production is 

due to quarks and antiquarks, which are well defined from DIS. The prediction of 

the top quark rate should be considered quite reliable. For example, at m = 60 GeV 

and 6 = 0.63 TeV the uncertainty in the gluon contribution should be numerically 
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irrelevant. Note however that the prediction of the absolute rate is subject to the 
overall uncertainty in the value of the coupling constant as. 

Although we have not undertaken a systematic study of all the theoretical 
uncertainties, figs. 14-17 suggest that the lowest order result, EHLQ set 1, A = 0.2 
GeV and scale choice 1_1= J?lm, can be considered as a lower bound on the heavy 
quark total cross section. 
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